ABSTRACT: Monte Carlo simulations are performed to examine superconductivity and charge-density-wave uctuations in the in nite-dimensional electron-phonon problem. The maximum charge-density-wave transition temperature is an order of magnitude smaller than the e ective electronic bandwidth and is virtually independent of the phonon frequency. The maximum superconducting transition temperature depends strongly on phonon frequency and is bounded by the maximum charge-density-wave transition temperature. The crossover from weak to strong coupling is illustrated by the evolution of an e ective phonon potential that develops a double-well structure as the electron-phonon interaction increases.
Migdal and Eliashberg pioneered the study of the electron-phonon problem in the limit where the phonon energy scale is much smaller than the electronic energy scale 1] . Their theory predicts that the transition temperature in the superconducting (SC) channel will increase without an upper bound as the electron-phonon interaction strength increases 2].
A strong-coupling expansion, however, predicts that the system has a transition temperature that decreases as the electron-phonon interaction strength increases and that the chargedensity-wave (CDW) channel is favored over the SC channel 3] . As a result, one would like to know if there is a maximum transition temperature, what parameters set the scale for this transition temperature, and what is the character of the ordered state (SC or CDW)?
Monte Carlo (MC) simulations are employed to bridge the gap between weak-coupling and strong-coupling expansions. Previous work has concentrated on one-dimension where it was found that the system always dimerized into a CDW-Peierls state at half-lling 4], and on two-dimensions where it was found that the CDW state was unstable with respect to electron concentration and the system superconducted when doped su ciently far away from half-lling 5]. Here we will explore the electron-phonon problem in in nite dimensions.
The limit of in nite dimensions is expected to be relevant to models in three (or possibly two) dimensions. In the case of the Hubbard model, the in nite-dimensional solution 6, 7] displays all of the qualitative physics of the three-dimensional model (commensurate and incommensurate antiferromagnetism, crossover between metallic and insulating behavior, etc.).
The N eel temperature at half-lling in in nite dimensions is quantitatively close to the transition temperature in three dimensions 8]. Thus we expect that the electron-phonon problem in in nite dimensions should also capture the relevant physics of its three-dimensional counterpart. 
where G ?1 0 is the \bare" Green's function that contains all of the dynamical information of the other sites of the lattice. The interacting Green's function is determined by (2) is not a priori known, the MC algorithm must be iterated to determine a self-consistent solution for the Green's function of the in nite-dimensional lattice. The procedure 6] is to begin with a bare Green's function G ?1 0 , use the quantum MC algorithm to determine the self energy , calculate the lattice Green's function from Eq. (4), and determine a new bare Green's function from Eq. (3). This process is iterated until convergence is reached. A variety of two particle properties may also be calculated in the quantum MC approach 16] since the irreducible vertex function is also local. In particular, the static susceptibilities for both the CDW and SC response were determined. The corresponding transition temperatures were calculated by determining the temperature at which the relevant susceptibility diverged (further details on the MC technique are presented elsewhere 6,17]). The results of the MC simulation are compared to various approximation techniques below. Here the polaron band-narrowing parameter S is de ned to be S jUj= .
The results for these approximation schemes are compared to the MC results in Fig. 1 for an intermediate value of the phonon frequency ( =t = 0:5). As the phonon frequency varies, the height of the peak remains essentially the same, but the critical value of g (where the maximum CDW transition temperature is attained) changes.
In order to shed some light on the transition from weak to strong coupling the MC simulations were sampled to determine a time-averaged e ective phonon potential. The probability P (x) that the phonon coordinate x( `) lies in the interval from x to x+ x was calculated for each time slice `a nd averaged over all time slices. An e ective phonon potential V eff: (x) was then extracted from the probability distribution P (x) / exp ? V eff: (x)] 21]. This effective potential is plotted in Fig. 2 In the region where the double-well potential has developed, the phonon coordinate tunnels between the wells and the tunneling rate decreases as the temperature is lowered below the barrier height. At this point the system may be considered to be a random mixture of empty sites and bipolarons that uctuates in time. Tunneling through the barrier produces correlations between the empty-sites and the bipolarons resulting in a condensed CDW phase. However as the barrier height increases, the transition temperature drops because the tunneling is suppressed. The transition temperature reaches its maximum at the point where the barrier height is equal in magnitude to T c .
As the system is doped away from half-lling there is a competition between CDW order and superconductivity . The CDW susceptibility is calculated at all momenta q in the Brillouin zone and found to either diverge at the \antiferromagnetic" point or not to diverge at all (there is no evidence for incommensurate order in d = 1 17]). . Therefore, the maximum SC transition temperature depends strongly upon phonon frequency, and is always bounded from above by the CDW transition temperature at half-lling.
In conclusion, the electron-phonon problem (Holstein model) has been examined in the limit of large spatial dimensions including the rst exact treatment of the crossover from weak to strong coupling. The maximum CDW transition temperature is set by the electronic energy scale, and is virtually independent of the phonon frequency. Its magnitude is on the order of 0:15t and occurs at half-lling when the polaron binding energy jUj is on the order of the bandwidth t . The maximum SC transition temperature, on the other hand, is very strongly dependent upon the phonon frequency (as evidenced by the frequency dependence of the SC-CDW phase boundary in Fig. 3 ). In the case considered here ( =t = 0:5), the maximum SC transition temperature appears to be a factor of ve smaller than the maximum CDW transition temperature T c (SC) 0:035t . The crossover from a weak-coupling picture to a strong-coupling picture is illustrated with an e ective phonon potential that continuously changes from a (harmonic) single well to a (anharmonic) double well.
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